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Abstract
Let (T ) and λ1(T ) denote the maximum degree and the largest eigenvalue of a tree T, respectively. Let
Tn be the set of trees on n vertices, andT()n = {T ∈Tn|(T ) = }. In the present paper, among the trees
inT()n (n  4), we characterize the tree which alone minimizes the largest eigenvalue, as well as the tree
which alone maximizes the largest eigenvalue when
⌈
n−2
2
⌉
   n − 1. Furthermore, it is proved that,
for two trees T1 and T2 inTn (n  4), if (T1) 
⌈
2n
3
⌉
− 1 and (T1) > (T2), then λ1(T1) > λ1(T2).
By applying this result, we extend the order of trees in Tn by their largest eigenvalues to the 13th tree
when n  12. This extends the results of Hofmeister [Linear Algebra Appl. 260 (1997) 43] and Chang et al.
[Linear Algebra Appl. 370 (2003) 175].
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let G be a simple graph on n vertices and A(G) the adjacency matrix of G. The characteristic
polynomial of G is just det(λI − A(G)), which is denoted by P(G, λ). Since A(G) is a real
symmetric matrix, all of its eigenvalues λi(G), i = 1, 2, . . . , n, are real. We assume, without loss
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of generality, that λ1(G)  λ2(G)  · · ·  λn(G), and call them the eigenvalues (or the spectra)
of G. Particularly, λ1(G) is called the largest eigenvalue (or spectral radius) of G. Throughout
this paper letTn denote the set of trees on n vertices, andT()n = {T ∈Tn|(T ) = }, where
(T ) is the maximum degree of a graph T.
Eigenvalues of graphs are important structural invariants which have numerous applications in
quantum chemistry and theoretical chemistry. Since the fifties last century, eigenvalues of graphs
have been intensively investigated (see [1–14]). Most of the known results can be found in [11–
13]. In 1981 Cvetkovic´ [14] indicated 12 directions in further investigations of graph spectra,
one of which is “classifying and ordering graphs”. Hence ordering graphs with various properties
by their spectra, specially by their largest eigenvalues, becomes an attractive topic (see [1–3]).
Cvetkovic´ et al. [11], Hofmeister [1] and Chang and Huang [2] considered the order of trees in
Tn by their largest eigenvalues. Their main results can be combined into Theorem 1.1.
Theorem 1.1 [1, 2, 11]. When n  11, in the order of trees inTn by their largest eigenvalues,
trees S1n, S
2
n, S
3
n, S
4
n, S
5
n, S
6
n, S
7
n and S8n take the first eight positions, respectively. S1n is the star
Sn; Sin, 2  i  8 are shown in Fig. 1.
In the present paper we investigate the relation between the largest eigenvalue and the maximum
degree of a tree in Tn, as well as the order of trees by their largest eigenvalues. Let Bn,n−+1
(2    n − 1) be a broom (see [15]) and T 1i,j (i + j = n − 2) a double star, as shown in Fig. 2.
In Section 3, we show that among the trees inT()n (n  4), Bn,n−+1 alone minimizes the largest
eigenvalue, as well T 1−1,n−−1 alone maximizes the largest eigenvalue when
⌈
n
2
⌉
   n − 1
(see Theorem 3.2). Furthermore it is proved that, when n  4, for two trees T1 and T2 inTn, if
(T1) 
⌈ 2n
3
⌉− 1 and (T1) > (T2), then λ1(T1) > λ1(T2) (see Theorem 3.3). In Section 4,
based on Theorem 3.3, we further consider the order of trees inTn by their largest eigenvalues.
We extend this order to the 13th tree when n  12 (see Theorem 4.1).
2. Preliminaries
First we formulate some lemmas. The first one is often used to calculate the characteristic
polynomial of trees. Lemmas 2.2–2.5 can be used to compare the largest eigenvalues of two
Fig. 1. Trees S2n , S3n , S4n , S5n , S6n , S7n and S8n .
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Fig. 2. Trees Bn,n−+1 and T 1i,j .
relational graphs. For convenience three transformations based on Lemmas 2.2–2.5 are defined.
Lemma 2.6 can be found in the proof of Theorem 3.1 in [2].
Lemma 2.1 [11]. Let v be a vertex of degree one in the graph G and u the vertex adjacent to v.
Then
P(G, λ) = λP (G\v, λ) − P(G\{u, v}, λ).
Lemma 2.2 [10]. Let G be a connected graph, and G′ a proper subgraph of G. Then λ1(G′) <
λ1(G), and when λ  λ1(G) we have P(G, λ) < P (G′, λ).
Definition 2.1 [6]. Let T be a tree inTn, and n  4. Let e = uv be a nonpendant edge of T, and
let T1 and T2 be the two components of T − e, u ∈ T1, v ∈ T2. T0 is the graph obtained from T in
the following way:
(1) Contract the edge e = uv.
(2) Add a pendant edge to the vertex u(= v).
The procedures (1) and (2) are called the edge-growing transformation of T (on edge e), or
e.g.t. of T (on edge e) for short.
Lemma 2.3 [6]. Let T be a tree with at least a nonpendant edge inTn, and n  4. If T can be
transformed into T0 by a step of e.g.t, then λ1(T0) > λ1(T ).
Lemma 2.4 [10, 12]. Let u be a vertex of a non-trivial connected graph G, and let G0k,l denote
the graph obtained from G by adding pendant paths of length k and l at u. If k  l  1, then
λ1
(
G0k,l
)
> λ1
(
G0k+1,l−1
)
.
Definition 2.2. We call the transformation in Lemma 2.4 from G0k,l to G
0
k+1,l−1 (k  l  1), the
α0 transformation of G0k,l .
Lemma 2.5 [10]. Let u and v be two adjacent vertices of degree greater than one in G. Let G1k,l
denote the graph obtained from G by adding a pendant path of length k (resp. l) at vertex u (resp.
v). If k  l  1, then λ1
(
G1k,l
)
> λ1
(
G1k+1,l−1
)
.
Definition 2.3. We call the transformation in Lemma 2.5 from G1k,l to G1k+1,l−1 (k  l  1), the
α1 transformation of G1k,l .
Lemma 2.6 [2]. λ1
(
T 1i,j
) =
√
1
2 (n − 1 +
√
(n − 1)2 − 4ij).
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3. A new graph transformation and main results
We introduce a new graph transformation first.
Theorem 3.1. Let u and v be two vertices in a connected graph G such that G − u ∼= G − v.
Denote by G2k,l the graph obtained from G by adding k pendant edges at vertex u and l pendant
edges at vertex v. If k  l  1, then λ1
(
G2k+1,l−1
)
> λ1
(
G2k,l
)
.
Proof. Let v1 be a vertex of degree one adjacent to vertex v in G2k,l and u1 a vertex of degree one
adjacent to vertex u in G2k+1,l−1. Put G1 = G2k,l\{v1, v} and G2 = G2k+1,l−1\{u1, u}. Denote the
unique non-trivial connected components of G1 by G′1, and denote a connected component of G2
with maximum number of vertices by G′2 (G′2 may be trivial). Then since G − u ∼= G − v, G′2 is
a proper subgraph of G′1. Note that G′1 is a proper subgraph of G2k+1,l−1. Hence by Lemma 2.2,
λ1
(
G2k+1,l−1
)
> λ1
(
G′1
)
> λ1
(
G′2
)
, and P
(
G′1, λ
)
< P
(
G′2, λ
)
for any λ  λ1
(
G′1
)
.
By Lemma 2.1 it is easy to see that,
P
(
G2k,l, λ
) = λP (G2k,l−1, λ
)− P (G1, λ
) = λP (G2k,l−1, λ
)− λl−1P (G′1, λ
)
and
P
(
G2k+1,l−1, λ
) = λP (G2k,l−1, λ
)− P (G2, λ
) = λP (G2k,l−1, λ
)− λkP (G′2, λ
)
.
Thus r(λ) = P (G2k,l, λ
)− P (G2k+1,l−1, λ
) = λl−1
[
λk−l+1P
(
G′2, λ
)− P (G′1, λ
)]
> 0 holds
for any λ  λ1
(
G2k+1,l−1
) (
> λ1
(
G′1
)
> 0
)
, and so λ1
(
G2k,l
)
< λ1
(
G2k+1,l−1
)
. 
Definition 3.1. We call the transformation in Theorem 3.1 from G2k,l to G2k+1,l−1 (k  l  1) the
β transformation of G2k,l .
Applying α0, β transformation and e.g.t, we easily determine the trees in T()n which have
extreme largest eigenvalues.
Theorem 3.2. Let T be a tree inT()n , where n  4. Then λ1(T )  λ1(Bn,n−+1), with the equal-
ity iff T ∼= Bn,n−+1, and when
⌈
n
2
⌉
   n − 1, λ1(T )  λ1
(
T 1−1,n−−1
)
, with the equality
iff T ∼= T 1−1,n−−1.
Proof. Let T be a tree in T ()n . If T  Bn,n−+1, then T can be transformed into Bn,n−+1 by
a number steps of α0 transformation. And when
⌈
n
2
⌉
   n − 1, if T  T 1−1,n−−1, then T
can be transformed into T 1−1,n−−1 by a number steps of e.g.t and then a number steps of β
transformation. Thus the conclusion holds by Lemmas 2.5, 2.4 and Theorem 3.1. 
Lemma 3.1. Let T () be a tree in T()n ,  =
⌈ 2n
3
⌉− 1, ⌈ 2n3
⌉
, . . . , n − 1 and n  4. Then
λ1
(
T (n−1)
)
> λ1
(
T (n−2)
)
> · · · > λ1
(
T
(
 2n3 
))
> λ1
(
T 1 n3 , 2n3 −2
)
 λ1
(
T
(
 2n3 −1
))
,with the
equality iff T
(
 2n3 −1
)
∼= T 1 n3 , 2n3 −2.
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Proof. Since T (n−1) ∼= S1n , λ1
(
T (n−1)
)
> λ1
(
T (n−2)
)
obviously. Thus by Theorem 3.2 it suffices
to show that λ1
(
T 1−1,n−−1
)
< λ1(Bn,n−) when n  4 and
(⌈
n
2
⌉

)⌈ 2n
3
⌉− 1    n − 3.
Then Bn,n− contains S+2 as its proper subgraph, so by Lemma 2.2 λ1(Bn,n−) >
λ1(S+2) =
√
+ 1. Noting that by Lemma 2.6 we have λ1
(
T 1−1,n−−1
) =√
1
2
(
n − 1 +√(n − 1)2 − 4(− 1)(n − − 1)), it is easy to verify that (λ1(Bn,n−)>
)
√
+ 1  λ1
(
T 1−1,n−−1
) ⇔   ⌈ 2n3
⌉− 1. The conclusion thus holds. 
Lemma 3.2. Let T be a tree in T()n , where 2  (T ) 
⌈ 2n
3
⌉− 1 and n  4. Then λ1(T ) 
λ1
(
T 1 n3 , 2n3 −2
)
, with the equality iff T ∼= T 1 n3 , 2n3 −2.
Proof. We distinguish the following two cases.
Case 1.
⌊
n
3
⌋+ 1    ⌈ 2n3
⌉− 1. Then n − − 1  ⌊n3
⌋
. Thus T can be transformed into
T 1−1,n−−1 by a number steps of e.g.t and then a number steps of β transformation. And
T 1−1,n−−1 can be transformed into T 1 n3 , 2n3 −2
by exact min{− 1, n − − 1} − ⌊n3
⌋
steps
of β transformation. Hence by Lemma 2.3 and Theorem 3.1 λ1(T )  λ1
(
T 1−1,n−−1
)
 λ1(
T 1 n3 , 2n3 −2
)
, and λ1(T ) = λ1
(
T 1 n3 , 2n3 −2
)
iff T ∼= T 1 n3 , 2n3 −2.
Case 2. 2   
⌊
n
3
⌋
. Let v be a vertex of degree  in T. Then T has a nonpendant edge
adjacent to v, say e0, since T is not the star Sn. Let T1 be the tree obtained from T by a step of e.g.t on
e0. Then 3  (T1)  2
⌊
n
3
⌋− 1  ⌈ 2n3
⌉− 1. If (T1) 
⌊
n
3
⌋
, we can find another nonpendant
edge e1 in T1 adjacent to v, and transform T1 to T2 by a step of e.g.t on e1. If(T2) 
⌊
n
3
⌋
, we may
repeat the discussion above to obtain treesT3, T4, . . . , Tt , such that
⌊
n
3
⌋+ 1  (Tt ) 
⌈ 2n
3
⌉− 1.
Hence by Lemma 2.3 and Case 1 λ1(T ) < λ1(Tt )  λ1
(
T 1 n3 , 2n3 −2
)
.
The proof is thus completed. 
We are now in a position to state our main result which follows immediately from Lemmas
3.1 and 3.2.
Theorem 3.3. T () be a tree in T()n ,  = 2, 3, . . . , n − 1, and n  4. Then λ1(T (n−1)) >
λ1(T (n−2)) > · · · > λ1
(
T
(
 2n3 
))
> λ1
(
T 1 n3 , 2n3 −2
)
 λ1(T (k)), where 2  k 
⌈ 2n
3
⌉− 1,
with the equality iff T (k) ∼= T 1 n3 , 2n3 −2.
Remarks. 1. Theorem 3.3 indicates that the largest eigenvalue of a tree inT()n ,  
⌈ 2n
3
⌉− 1
monotonously increases with its maximum degree. The bound
⌈ 2n
3
⌉− 1 is best possible. To
see this, let n = 8 (then ⌈ 2n3
⌉− 1 = 5), T1 = S58 ∈T(5)8 and T2 = T 13,3 ∈T(4)8 . Then (T1) >
(T2) =
⌈ 2n
3
⌉− 2, but λ1(T1) = λ1(T2) =
√
7+√13
2 .
2. The theorem partially answers a question proposed by Schwenk and Wilson [13], that
“what can be said about the spectral properties of trees other than those properties derivable
from results on general bipartite graph?” Note that Theorem 3.3 does not hold for general
bipartite graphs. For example, let H1 = T 11,3 and H2 = K3,3 be two graphs on n = 6 vertices.
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Then
⌈ 2n
3
⌉− 1 = 3  (H2) = 3 < (H1) = 4 but λ1(H2) = 3 > λ1(H1) =
√
5+√13
2 ≈ 2.07.
However, we do not know what is the case for connected bipartite graphs with prescribed numbers
of vertices and edges, so the following problem is proposed.
Problem. Let Bn,m be the set of connected bipartite graphs with n vertices and m edges, and let
B1 and B2 be two graphs inBn,m. Is there some integer c (depending on n or m) which is closed
to m+n3 or
2m
3 , such that if (B1) > (B2)  c then λ1(B1) > λ1(B2)?
4. Ordering trees by their largest eigenvalues
By Theorem 3.3, when n  12, the trees in T(n−1)n , T(n−2)n , T(n−3)n , T(n−4)n and T 14,n−6
must take the first several positions in the order of trees in Tn by their largest eigenvalues.
It is easy to see that T(n−1)n = {S1n}, T(n−2)n = {S2n}, T(n−3)n =
{
S3n, S
4
n, S
5
n
}
, and T(n−4)n ={
S6n, S
7
n, S
8
n, T1, T2, T3, T4
}
, where T1, T2, T3, T4 are shown in Fig. 3. Thus T1, T2, T3, T4 and
T 14,n−6 must take the next five positions in this order from Theorems 1.1 and 3.3.
Lemma 4.1. When n  12, λ1(T1) > λ1(T2) > λ1(T3) > λ1(T4).
Proof. T1 can be transformed into T2 by a step of α1 transformation, and T3 can be transformed
into T4 by a step of α0 transformation, so λ1(T1) > λ1(T2) and λ1(T3) > λ1(T4) by Lemmas 2.5
and 2.4, respectively. It remains to show that λ1(T2) > λ1(T3). By Lemma 2.1, it is easy to see
that,
P(T2, λ) = λn−6[λ6 − (n − 1)λ4 + (3n − 12)λ2 − (2n − 11)],
and
P(T3, λ) = λn−6[λ6 − (n − 1)λ4 + (3n − 13)λ2].
Let r(λ) = P(T2, λ) − P(T3, λ) = λn−6(λ2 − 2n + 11). Then r(λ) is a strictly increasing func-
tion in (0,+∞). Noting that λ1(Sn) =
√
n − 1 and n  12, by Theorem 1.1, r(λ1(T3))
< r(λ1(Sn)) =
(√
n − 1)n−6 (10 − n) < 0, so P(T2, λ1(T3)) < 0 and λ1(T2) > λ1(T3).
The proof is thus completed. 
Denote T1, T2, T3, T4 and T 14,n−6 by S9n , S10n , S11n , S12n and S13n , respectively. By Theorems 1.1,
3.3 and Lemma 4.1, the next result follows immediately.
Fig. 3. Trees T1, T2, T3 and T4.
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Theorem 4.1. When n  12, in the order of trees inTn by their largest eigenvalues, trees S9n,
S10n , S
11
n , S
12
n and S13n take the 9th to 13th positions, respectively.
By calculating the largest eigenvalues of S9n , S10n , S11n , S12n and S13n , the 9th to 13th largest
values of the largest eigenvalues of trees inTn can be obtained immediately. Furthermore, if n
is larger (for example n  15), we can easily further extend this order, since by Theorem 3.3 we
only need to order a few trees (for example, the trees inT(n−5)n ).
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